Introduction
A unique hand-held gyroscope invented by Archie Mishler ͓1͔ exhibits the intriguing phenomenon of rotor spin-up when an individual applies the appropriate torques to the supporting frame of the gyroscope. As described by Mishler, this ''new gyroscopic device in which the rotor cannot only rotate about its spin axis but can also rotate about a second axis at right angles to the spin axis, and in which the rotor can be made to increase in speed by applying a torque about a third axis,'' became popular in the early 1990s due to the marketing of a wrist and arm exerciser called the Dynabee™. Sold as both a therapeutic and strengthening device, the Dynabee is held in the palm of one hand, the rotor is manually given an initial spin, and then a coordinated motion of the wrist and hand can increase the spin rate of the rotor to speeds near 4000 rpm.
This paper is concerned with explaining the manner in which the spin rate approaches these high speeds. In addition, the paper discusses the applied moment that is required to achieve this motion. We will show that the magnitude of the moment is proportional to the spin rate squared, a feature which allows the Dynabee to be used as an wrist exerciser.
Our model is based on rigid-body dynamics. It can be considered as an example of a nonholonomically constrained dynamical system. Reviews of, and further details on, works in this area can be found in Neimark and Fufaev ͓2͔, Karapetyan and Rumyantsev ͓3͔, and Zenkov, Bloch, and Marsden ͓4͔. 
Kinematics
In this section, we discuss the kinematics of the proposed mechanical model of the Dynabee. This model contains the important physical characteristics necessary for spin-up to occur. Specifically, bases vectors and Euler angles are introduced to describe the rotations of two bodies: a circular track and a rotor. For the relevant background on parameterizations of rotation tensors, the reader is referred to the review article by Shuster ͓5͔.
The mechanical model is comprised of two rigid bodies, a track and a rotor, as illustrated in Fig. 1 . The track is a circular race or groove that constrains the motion of the rotor, which is an axisymmetric body with a cylindrical axle along its axis of symmetry. With a semi-length of R t and a radius of R a , both ends of the axle are constrained to remain within the track. The rotor's moment of inertia about a vector parallel to the axle, referred to as the rotor's spin-axis, is 1 . Due to a geometric symmetry, the moment of inertia about any vector perpendicular to the spin axis is 2 .
We prescribe the rotational motion of the track such that a body-fixed axis normal to the track's plane precesses with a constant nutation angle and a precessional rate . To describe the rotation, we introduce a right-handed orthonormal basis of an inertial coordinate system comprised of the vectors E 1 , E 2 and E 3 . Starting from a reference configuration where the normal to the track's plane is aligned with E 3 , the rotation of the track may be specified by a 3-1-3 ͑, , ͒ set of Euler angles, as shown in Fig. 2 . Since we desire that the outer shell have a purely precessional motion that does not involve the body revolving about E 3 , the final angle of rotation is ϭϪ. In the resulting motion, a material point of the track returns to the same location after one full precession without revolving around E 3 .
We define a set of body-fixed vectors ͕e t1 ,e t2 ,e t3 ͖ that form a right-handed orthonormal basis t which corotates with the track. Here, e t1 and e t2 lie in the plane that contains the track, while e t3 is normal to the track's plane. Restricting the nutation angle to be constant, the angular velocity vector of the circular track is
( 1) where a dot over a variable denotes differentiation with respect to time.
Only two independent Euler angles are necessary to specify the current orientation of the rotor relative to the track, as viewed in Fig. 3 . The first rotation, through an angle ␣, is about e t3 , and causes the axle to rotate around the track. Following this rotation, it is convenient to define a right-handed orthonormal basis ͕e 1 ,e 2 ,e 3 ͖ such that e 1 is parallel to the axle and e 3 is parallel to e t3 . Thus, the vector e 2 lies in the plane spanned by e t1 and e t2 . Note that this basis is neither corotational with the track nor corotational with the rotor. For the second rotation, the rotor spins about e 1 through an angle ␥. Corotational with the rotor is the right-handed orthonormal basis r ϭ͕e r1 ,e r2 ,e r3 ͖. This basis is oriented such that e r1 is parallel to the rotor's axle. Given the relative rotation of the rotor, we use the methods of Casey and Lam ͓6͔ to calculate the angular velocity vector of the rotor relative to the track r,t :
where r is the absolute angular velocity vector of the rotor. In postulating constraints on the motion of the rotor, several conditions could exist at the contact point between the track and the rotor's axle. These include frictionless sliding, sliding with friction, and rolling without sliding. We shall only consider the last case because it is the only condition that presents a mechanism for spin-up of the rotor. Figure 4 shows the proposed type of contact between the rotor and the track. The axle contacts the track at a point P on the track's lower surface and at a point Q on the upper surface. In this configuration, the center of mass of the rotor remains coincident with the center of the track as the rotor rolls at both points P and Q.
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Introducing a right-handed orthonormal basis ͕e 1 ,e 2 ,e 3 ͖, as illustrated in Fig. 4 , facilitates the analysis. Here, e 1 points from the center of the rotor ͑point O͒ toward point P such that the angle ␤ between e 1 and e 1 is
Furthermore, e 2 is parallel to e 2 . Rolling at P and Q introduces the following constraint equations:
where v r is the velocity vector of the rotor's center of mass, v t is the velocity vector of the center of mass of the track, and P and Q are the position vectors of P and Q relative to the rotor's center of mass, respectively. Clearly,
It follows that we can separate the constraint equations into a single vector equation for translation,
and another vector equation for rotation,
Equation ͑6͒ provides three scalar constraints that fully specify the translational motion of the rotor. Throughout the remainder of the paper, we shall assume that the centers of mass of the track and rotor are coincident and stationary. Taking the dot products of ͑7͒ with e i (iϭ1,2,3) yields two scalar constraint equations
The second constraint may be transformed into an algebraic relationship between the various Euler angles by substituting for the relative angular velocity vector ͑from ͑2͒͒ and then integrating over time. Allowing the initial values of the Euler angles to be zero yields the algebraic relationship ␥ϭϪ␣,
where ϭR t /R a . Thus the rotor's motion has been reduced to a problem with only one independent variable. In addition to reducing the number of independent variables, the rotational constraints will be used to postulate appropriate constraint moments on the rotor. In our model, we assume that the net moment applied to the rotor, M r , is the sum of two moments: a constraint moment due to the track-rotor contact, denoted as M r c , and a dissipative moment M r d . Hence
Using a normality prescription ͓͑7,8͔͒, the constraint moment on the rotor ͑relative to the rotor's center of mass͒ is M r c ϭ 2 e 2 ϩ 3 e 3
where 2 and 3 are indeterminate. A physical reason that the constraint moment has no component in the e 1 direction is that this moment is generated by reaction forces F P and F Q at P and Q, respectively. It is easy to see that M r c ϭ P ϫF P ϩ Q ϫF Q , and thus it is impossible to generate a component of the constraint moment along a vector connecting the center of the rotor and either of these points. The constraint moment must satisfy two conditions for rolling to occur at P and Q. First, for contact at these points to be maintained 2 Ͻ0.
Additionally, the conditions for static Coulomb friction must be satisfied to permit rolling without sliding:
where s is the coefficient of static friction, and the approximation results if one employs the physically plausible assumption that ӷ1.
It is reasonable to believe that there is some energy loss within the system and that this loss can be modeled as a moment that opposes the rotation of the rotor. The dissipation could be caused either by frictional loss at the axle-track contact point or aerodynamic drag. A simple viscous model for the dissipative moment is
where is a positive constant and 1 ϭ r •e 1 . It is easy to see that M r d • r р0.
To calculate the angular momentum of the rotor, we note that its inertia tensor J is Jϭ 1 e 1 e 1 ϩ 2 ͑ e 2 e 2 ϩe 3 e 3 ͒
in the current configuration. 2 Here, 1 is the principal moment of inertia about the rotor's axis of symmetry, and 2 is the other distinct principal moment of inertia. By combining ͑1͒ and ͑2͒ and applying the geometric relationship ␥ϭϪ␣ ͑cf. ͑9͒͒, the components of the rotor's angular velocity r are obtained:
3 ϭ r •e 3 ϭ␣ Ϫ ͑ 1Ϫcos ͒.
Using ͑15͒ and ͑16͒, we find that the angular momentum H relative to the center of mass of the rotor is HϭJ r ϭ 1 1 e 1 ϩ 2 ͑ 2 e 2 ϩ 3 e 3 ͒.
The balance of angular momentum for the rotor is
Since the constraint moment only has components along e 2 and e 3 , the components of the balance of angular momentum in the e i (iϭ1,2,3) directions involve one uncoupled differential equation for the final independent Euler angle ␣ and two equations for the constraint moment. Evaluating e i •Ḣ ϭe i •M r yields ͑ 1 ͒Ϫ͓ 3 ϩ␣ 2 ϩ͑1Ϫ ͒ 1 2 ͔ϩ 2 1 ϭ0,
1 ϩ͓ 3 ϩ␣ 2 ϩ͑1Ϫ ͒ 1 2 ͔ϩ 2 1 ϭ 3 2 sin ␤ .
The derivation of these scalar equations uses the relationships in ͑3͒ and ͑9͒, as well as a dimensionless parameter :
Using ͑16͒, ͑19͒ 1 becomes an uncoupled, nonlinear ordinary differential for ␣(t). We simplify this governing equation by introducing a new angle ͑see Fig. 3͒ 
A new dimensionless parameter , that reflects the importance of the dissipative moment, appears in ͑24͒:
Once we find a solution to the single equation of motion for the rotor, ͑23͒, we can then calculate M r c and verify that the criteria for rolling are satisfied. Knowing ␦(t), we can then determine
which follows from ͑19͒. Finally, the criteria ͑12͒ and ͑13͒ determine whether the rolling motion of the rotor is physically possible.
Constant Track Precession Rate
When the track's precession rate is constant, ͑23͒ simplifies greatly. It also becomes tractable to identify steady-state motions and to study their stability. Furthermore, we can identify a conserved quantity when the only moment acting on the rotor is the constraint moment ͑i.e., no dissipative moment is present͒. We now assume that the track rotates with a constant precession rate of (t)ϭ o . Hence Ј()ϭ1, Љ()ϭ0, and ͑23͒ becomes ␦Љϩa␦Јϩb cos ␦Ϫc sin ␦Ϫd sin 2␦ϭϪa. (27) 2 See Beatty ͓9͔ and Casey ͓7͔ for detailed discussions on the use of tensors in rigid-body dynamics. Figure 5 shows a phase portrait of ͑27͒ with parameters characteristic of the Dynabee. In this figure, the solid lines are solution trajectories for several initial conditions chosen specifically so that the solutions either originate at the unstable equilibrium point or approach it. The shaded region is the basin of attraction of the stable equilibrium. Also shown in Fig. 5 are the contour lines for the ratio ͉ 3 / 2 ͉, which determines whether or not the rolling criterion in ͑13͒ is satisfied. If a trajectory passes through a portion of the phase plane where this ratio exceeds the coefficient of static friction s , then sliding will occur and the equation of motion ͑27͒ is no longer applicable. The criterion for maintaining contact between the rotor's axle and the track, 2 Ͻ0 ͑cf. ͑12͒͒, is satisfied everywhere within the region of states shown in Fig. 5; however, this criterion is not satisfied near ␦ЈϭϪ1. We remark that trajectories lying outside the basin of attraction, modulo a set of measure zero, will eventually result in decreasing values of ␦Ј.
As a result, these trajectories will then correspond to motions of the Dynabee where slipping of the rotor relative to the track occurs and ͑27͒ becomes invalid.
The solutions of ͑27͒ when ␦Ј()ϭ␦Љ()ϭ0 determine the existence and locations of the system equilibria. For values of ӷ1, there exist either two equilibria ͑one stable and one unstable͒ or no equilibria, depending on the relative values of the dimensionless parameters , , and and the nutation angle . When equilibria exist, the rotor can attain a steady state motion at the stable equilibrium point where the axle revolves around the track at the same rate that the track is precessing; the resulting spin rate is ␥ (t)ϭϪ o , a result which explains the magnification of the spin rate as a function of the precession rate.
In the case that the dissipative moment is negligible (ϭ0), the equation of motion ͑27͒ reduces to ␦Љϩb cos ␦Ϫd sin 2␦ϭ0 (28) and it is straightforward to show that the response conserves a quantity analogous to the total energy of the system:
Furthermore, for the conservative system, a stable equilibrium point always exists at ␦ϭϪ/2 and an unstable equilibrium point exists at ␦ϭ/2. At both of these equilibria, the contact forces between the rotor's axle and the track are purely normal ͑i.e., there is no frictional force so 3 ϭ0͒, as is expected since the magnitude of the rotor's angular momentum is constant. The constraint moment evaluated at the stable equilibrium is
In writing ͑30͒, we have used the relation ␥ (t)ϭϪ o . Ignoring the inertia of the track and its casing, this is equal to the moment that the holder of the Dynabee is forced to exert. It should be noted that the applied moment is a quadratic function of ␥ .
Increasing the Track Precession Rate
We now prescribe the precessional motion of the track to begin at a given precessional rate o ( o Ͼ0) and increase slowly thereafter according to
where is a constant such that 0ϽӶ1. The dimensionless equivalent to ͑31͒ is Ј()ϭ1ϩ. Substituting this expression into the equation of motion for the rotor, ͑23͒, we arrive at ␦Љϩa␦Јϩb͑1ϩ͒ 2 cos ␦Ϫ͓bϩc͑1ϩ͔͒ ϫsin ␦Ϫd͑1ϩ͒ 2 sin 2␦ϭϪa͑1ϩ ͒Ϫe
where a, b, c, d , and e were defined by ͑24͒. 6 Cross sections of the basin of attraction of the stable equilibrium for "32… when the track's precession rate is increasing according to "31… with Ä29, Ä1.7, Ä0.018, ÄÕ4, and Ä0.01. A sample trajectory is also shown whose initial conditions are Ј"0…Ä1, ␦"0…ÄÀ2.5, and ␦Ј"0…Ä0.1.
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Transactions of the ASME As in the constant precession case, solutions to the equation of motion were numerically calculated. For a given set of parameters ͕, , , , ͖, any trajectory lying in the basin of attraction of the stable equilibrium of ͑32͒ also satisfies
and is thus a response that exhibits spin-up. Figure 6 shows cross sections of the basin of attraction at Јϭ1.0, 1.5, and 2.0 for a choice of parameters characteristic of the Dynabee and with the spin-up coefficient equal to 0.01.
The trajectory of the initial conditions Ј(0)ϭ1, ␦(0)ϭϪ2.5 and ␦Ј(0)ϭ0.1 is also included in Fig. 6 as an example of a trajectory that lies within the basin of attraction. The response extending from these initial conditions approaches the following steady-state conditions as time increases: lim →ϱ ␦͑͒ϭϪ/2, (34) lim →ϱ ␦Ј͑͒ϭ0.
The maximum value of ͉ 3 / 2 ͉ϭ0.99 is attained when Ј ϭ1.24, and as time increases and Ј becomes larger, this ratio approaches zero as ͉ 3 / 2 ͉ϰ1/Ј. Simultaneously, M r c grows proportionally to Ј 2 . Thus, when the precession rate is large, the response resembles the equilibrium conditions for the conservative system described in Section 4.
As evidenced in Fig. 6 , the basin of attraction of the stable equilibrium changes as Ј becomes larger.
3 It is therefore possible for initial conditions ͑␦, ␦Ј͒ which were originally outside this basin to become trapped inside it. This phenomenon is often known as resonance capture. It has been studied in a variety of mechanical systems including satellites and celestial bodies ͑cf., e.g., ͓10-13͔͒.
In summary, we find that as the rotor spins up, the coefficient of static Coulomb friction needed to sustain rolling decreases. This explains the observed phenomenon that it is difficult to spin up a Dynabee if the rotor is not given a sufficiently large initial spin rate. It would clearly be of interest to examine the case where the rotor slides on the track, but we leave this matter for future work.
